They have defined a complete orthonormal set of functionals on C which provides a means of development of nonlinear functionals in series, and have found methods of evaluating certain classes of Wiener integrals.
In this paper we consider the problem of integrating the nth variation of a functional F(x) over the space C. The first variation, f>F(x\ y), of the functional F(x) with respect to y(t)EC is defined as ÔF(x\y) We also derive a result for the integration over C of functionals related to the variations of F(x), viz., functionals
It is known that if 5F(x\y) = JoF(1)(x\t)y(t)dt, and F(l)(x\t) is continuous in (x, t), where continuity in x is defined in the uniform topology sense, then F(1)(x|/) is the Vol terra derivative of F(x) at the point t, O^t^l. [June The problems we consider are a generalization of certain results proved by R. H. Cameron [2] . We shall have occasion to use one theorem from that paper several times; therefore we quote it here:
Theorem la. Let y0(t)EC be an absolutely continuous function with derivative y ó (t) which is essentially of bounded variation1 on 0 ^ í -1, and let F(x) be a Wiener summable functional over C which has a first variation 5F(x|y0) for all x in C. Suppose also there exists an 7}>0 such that supuis, | 8F(x+hy0\yo)\ is Wiener summable in x on C. Then it follows that both members of the following identity exist and are equal:
It is understood that the symbol f"F(x)dwx represents the Wiener integral of the functional F(x) over the space C. 1 Here and elsewhere in this paper the requirement that a function be of "bounded variation" can be replaced by the requirement that it be "of class Li" if Stieltjes integrals are interpreted as Paley-Wiener-Zygmund integrals.
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use is summable in x on C, i = í, 2, ■ ■ • , n. (The product is understood to be unity when i = n.) Then it follows that both members of (1.3) exist and are equal:
Proof. We shall prove this theorem by induction.
Assume that the theorem is true for n and that F(x) satisfies the conditions of the theorem for n + 1. Then it is clear that 8F(x\yi) satisfies the hypotheses of the theorem for n, and we conclude
where ¿u*, j»*, and pi are chosen from the n numbers 2, 3, • • • , n, n+i. Now we have àF(x\yi)U\_flyUt)dx(t)(
where the first term on the right represents the variation of the product with respect to yi(/)> and the second term on the right is understood to vanish if n = 2j. After substitution of (1.5) in (1.4) both terms of the integrand of the Wiener integral on the right are summable since the second term is summable by (1.1), and the difference of the two terms is summable by (1.4). We can therefore write: 
By (1.2) for « + 1 we have that there exists tji>0 such that the supremum for \h\ ^771 of the first term on the right of (1.7) is summable, j = 0, 1, • • • , [n/2]. To show that the supremum for \h\ ^n2 of the second term on the right of (1.7) is summable in x for some r¡2 <0, we apply the mean value theorem to F(x), obtaining
is summable in x on C, while by (1.1) likewise ^>0 exists for which
Hence we may conclude that there exists ij2 > 0 such that the supremum of the second term on the right side of (1.7) for \h\ ^v2 is summable in x.
Thus we now apply the conclusion of Theorem la to H(x) in (1.6) and arrive at the following form :
To combine these terms we let j'=j+i in the second term, remembering that when 2j = 2j' -2=n, the summand is zero. We obtain (dropping primes):
•n[/*y«(0>,«<*] Now (1.8) is precisely the result of our theorem for«+ 1. This result has been verified for w = l in Theorem la [2] . Hence the theorem is true for all values of n.
Note. It might be useful, from the standpoint of application, to note that the above theorem holds under the following set of conditions :
Let F(x) be measurable and satisfy the inequality \ F(x) \ <Aoexp(Bofl[x(t)]2dt),A0anyconstant,Bo<ir2 The proof is closely analogous to that of Cameron's theorem.
5. Integral of a functional related to the wth variation. This theorem and Theorem 2 could be proved under the weaker condition that (3.3) and (2.3) be summable for a set of y(t)EC whose derivatives y'(t) are absolutely continuous on [0, l] and vanish at t=l, and whose second derivatives y"(t) are closed in Z,2(0, 1).
Proof. This theorem, too, we shall prove by induction. Let us assume that the result holds for n. Then, under the same hypotheses for n +1 as quoted for n above, we shall demonstrate that the theorem is true for n +1.
If we define G(x)=Fw(x\ti), we have This is a generalization of the Paley-Wiener-Zygmund formula [7] .
Wiener has proved this result for « = 1 in paper [l] . The induction follows through easily using Theorem 1 with F(x) = 1.
If it is further assumed that Zi(t), • • • , z"(t) are orthonormal on O^/^l, we have immediately /w n r~ n 1 -|2 Î I J Zi(t)dx(t) dwx = -• It is hoped that the results which have been established in this paper will prove useful in the manipulation and evaluation of other Wiener integrals. In particular, it is hoped that the special case of Theorem 1 will lead to stronger convergence theorems on the FourierHermite development of functionals.
